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lL—ON THE GENERAL PROBLEM OF INTERCALATIONS. 


1. Ir having been so ordered, for beneficent ends, as that 
no one of the three most obvious measures of time is a multi- 
ple of another, the necessity of astronomical intercalations was 
discovered very early; and various methods have been used 
in- 
conveniently far from assigned points in the civil year. So 
long as this is all that is proposed, the problem of intercalations 
is plainly indeterminate, and we may choose such a solution 
as appears to furnish the most simple rule for determining the 
length of any proposed year. ‘The Gregorian intercalation 
answers this purpose very well; but it does not* fulfil the 


condition, evidently possible, that the sun shall be in the vernal 


equinox, or any other particular point of his orbit, during the 
same assigned space of twenty-four hours in each year. It 
does not distribute the leap-years as evenly as possible ; inso- 
much that if we select from a period of 400 years that part — 
which contains the greatest proportion of leap-years, namely 
that from (4m —1) 100+ 3 to 400m +96, we find that the 
equinoxes and solstices happen 2 days and nearly 6 hours 
earlier in the latter year than in the former. It 1s true that 
this is of no great practical consequence, but still a mathema- 
tician may well like to know what is the most perfect system 
of intercalation. The problem is one sui gencris, and its solu- 
tion Is given in a rather intricate, but at the same time elegant, 
law. It may be enunciated generally as follows. 


It is surprising that so eminent an astronomer as Sir Jobn Herschel should 
the contrary. See Dr. Lardner’s Cabinet Cyclopwdia, Astronomy, 
p. (), 


() 
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2. Given two numbers whose common measure is po 
greater than unity, it is required to determine a series ¢ 
multiples of the smaller number, whose excesses above the 
successive terms of an arithmetic progression whose commo 


difference is the greater number, shall be the least possible, | 


3. Let aand 6 be the two numbers, of which a is th 
greater; and let x be any integer. We have to find a 
integer y, such that by - (ax —f0) may be the least possibl 
positive quantity, that is, that it may lie between 0 and 4; fi 
being arbitrary, but contained between the same limits. 


4. We may assume 


then fz > 0, but < 6. ‘Taking the difference with respect toz, 
bAy -a=Afz; 
therefore Ay = 


Now Afzx may be either positive or negative, but it muy 
be arithmetically less than 6. Let » be the whole numba 

next less than —, then the preceding equation gives 


b 


and Afx=nb-a or (n+ 1)b-a, 
=-(a-—nb) or b-(a-—nb) ........ (3). 


). Since Afz is sometimes negative and sometimes positive 
and fx always les between 0 and 4, its values must range 
continually between maxima and minima. Also, since one dl 
the quantities a—nb, b-(a-—nb), must be greater than 4), 
that value of Afz which, abstracted from its sign, is the greater, 
and the corresponding value of Ay, cannot exist. for two sue 
cessive values of z, or fx would transgress one of its limits 
Hence, according as | 

a-nb > b -(a—nb), 7 
the minimum values of fx must immediately succeed the 
maximum, or conversely. Let z, z+p, be two successive 
values of z which render fz a minimum or maximum, accort: 
ingly; and let 6’ represent the least of the quantities @ — nb, 
6—(a-—nb). ‘Then while z increases from z to 
Afx = + 6’; and for the next term, Afz = = (b- 0’). Hence 


+ (p- + 


4 
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b 
therefore p=— 
iy 
nfm 6. In order to determine p, it is requisite to find the limits 
of the maximum and minimum values of fz, which is done as 
| follows. If fz be a minimum, 


(5) 


ar | 
lef and this must be < J, therefore | 
f 


| again, if fz be a maximum, | | 
and this must be > 0, therefore | : | | 
Thus, when fe and f(z+p) are minima, they are each 
>0 and < J’; and when they are maxima, they are each 
>b band <6. ‘Therefore, in either case, 
st 3 +p) — fz > and < +386. 
Applying these limits to equation (5), it follows that 


b 
p> and <7 +1. 


b 
Let n' be the integer next less than i ‘Then 
tM 8. It remains to find when p has the one, and when the 
if other, of these values. For this purpose, let z’ be the number 


fe =f’: values of z in the interval from 0 to z, so that while z in- 
creases from z to z+p,-2' increases to z' +1; and let f'z' be 


assumed 


according as fz is a minimum or maximum value of fr; that 
is, according as a—nb > or < b-(a-—nb). Then 


Af'z' = + { f(z+p)-fe}, 
which, by (4), = 6. 
Substituting the values of p from (8), we find 
A f'z' = -(b-n'b') or - (6 - 
equations exactly similar to those marked (3). Also we have, 
in either case, by (6), (7), and (9), 


02 
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9, Hisnes it follows, by the same reasoning as was before 
used in § 5, that according as 6-—nb > or <. b ~(b—n'b’), the 
value »’ or n' +1 of p cannot continue for two successive 
values of z’, or, consequently, of z; and in order to carry the J 
investigation further, we have only to change a, 6, 2, fen i 
the preceding formule, into b, box ands 
Os, 2; 7 2, and so on. Thus we find, tha 
the maximum and minimum values of fe will also have thei 
maximum and minimum values, which we may call maxim 
and minima of the second order; and that every maximum 
and minimum of the second order corresponds to a change 
in the value of p. In like manner, every maximum ant 
minimum of the third order corresponds to a change in 
the value of p’, which represents the number of maxim 
- or minima of the first order between two successive maxima ot 
minima of the second order. By this method, though we can- 
not assign the successive values of y, ad infinitum, we may 
readily do so for a vast number of terms ; since, by repeating 
r times the operations indicated above, we obtain the law ofa 
number of successive terms greater than nn'n’. .n'”, as will be 
more fully explained hereafter. 


10. It is desirable to have an easy method of finding tht 
numbers n, n’, n’, &c. For this purpose let ; be developed i 


a continued fraction ; then the first quotient will be x, but the 
others will not always be 7’, n, &c. 


1 l 
Assume therefore + 
b 
then a-nb= 


+ 2, + 
according as a—nb > or < b- nb), 


: or a-nb> or < 55, 


l l 
we find — 
n+ + + | 
1 

n, + MN, + 


and therefore m, = or > 1. 
Hence, if 2, = 1, we have, by § 5, 
b' = b -(a nb) 


~ | 
: 
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] 1 
therefore —=— — 
6 1+ 14+ 
Let n,+—....=WV, 
+ 
then — — = = — =N+1 
| 1 
=n,+1+ 
n,+ N,+ 


therefore (§ 7) in this case n=n,+1.. 


But if x, be greater than unity, 


bh =a-nb, 


therefore in this case 7’ = 7.. 


11. Hence we have the following rule for determining the 
numbers n,m,” , &c. 

Write down in order the successive quotients of the 

development of z ma continued fraction. Whenever any 
quotient, other than the first, is unity, join it by addition to 
the following quotient. ‘The series thus produced consists of 
the numbers required. 


12. The law of the values of y may now be explained in any 
particular case. Suppose that 1,, ,, ”,, &c. are all greater 
than unity. We have first, by (2), two values of Ay, namely 
wmandn+1. The value +1 can exist for one term only at a 
time (§5), but the value , by equation (8), continues for 
either or terms. Hence we have 

First, a period of nm’ terms, 

- Secondly, a period of m' + 1 terms, 
both of which are terminated by a value of Ay equal to n+ 1. 

Let these be called the smaller and greater periods of the 
first order. 

Again we have two periods of the second order; the smaller 
containing 2 — 1 smaller periods of the first order, and one 
greater period of the first order; the greater containing 
smaller periods of the first order, and one greater period of 
the first order. 

Sunilarly the smaller period of the third order will contain 
” ~1 smaller periods of the second order, and one greater 


4 
j 
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period of the second order 5 and the greater period of the 
third order will contain 7” smaller periods of the second order, 
and one greater period of the second order. 

But if”, = 1, the periods of the first order will be terminated 
by a value of At y equal to », that function having been equal § 
to n+ 1 throughout the rest ‘of the period. Andif x'” result 
from the addition of two consecutive quotients, of which the 
former is equal to unity, the smaller period of the r™ order wil 
contain --1 greater periods of the (7 order, and one 
smaller period of that order; and the greater period of the 
r” order will contain x” greater periods of the (r- I} 
order, and one smaller period of that order. 


13. To complete the investigation, it remains that, knowi 
the value of f0 in (1), we should find the distance of the first 
terms of the periods of the several orders from the beginning 
of the series of the values of y, that is, that we should find the 
lowest values of z, 2’, Kc. 
We have then, according: as a—nb > or < 
(§. 5 )» that is, according as n = or > 1 (§ 10), 


Afr | 
from z= 0 till fz becomes > b- 86, or < U. See (6) and (7) 
Hence if z, pear the lowest value of z, 


‘When the upper sign is to be taken, 


tz, > A, but < 0’; 
therefore 2 but < +1; 


0 
b- fd 
therefore z,=the integer next greater than i 


When the lower sign is to be taken, 
fz, >6-6, but < 


therefore 2, , but < +1; 
therefore z, = the integer next greater than 4— 


If, in the first case, f0 should be less than 0’; or, in the 
second, it should be greater than }- 6’, the above formule 


will give or +1 for the value of z. But the proper 
value of z, will on these suppositions be 0. 


u 
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Having found z,, fz, is known from equation (10); and 


we have next to find the place where the first period of — 


the second order begins, or the value of z’,. This is done 
in the same manner; only putting an additional accent on 
all the letters. f'0 is found from fz, by equation (9). 

In the same manner the places where the periods of the 


third and higher orders begin, may be found. 


14. As an example, let us take the question referred to 
in the beginning of this paper, that of determining the 
law of the length of the civil year, so that the place of the 
equinox may never vary twenty-four hours. ae 

The ratio of the mean tropical year to the mean solar day 
has been found to be 365°242264. Let this be converted 
into a continued fraction, and we have the quotients 


Hence (§. 11), 
S66, 4, 7, 5, 6, &e. 
are the respective values of ee 
| n, n,n, 
Following the principles explained in §. 12, we find for the 
two periods of the first order, | 


A period of 4 years, containing 3 of 865 days, and 1 


OF 866; 
A period of 5 years, containing 4 of 365 days, and 1 
of 366. | 
For the periods of the second order, 
A er of 29 years, containing 6 periods of 4 years and 
of 5. | | 
A period of 33 years, containing 7 periods of 4 years and 
1 of 5. | 
For the periods of the third order, 
A period of 161 years, containing 4 periods of 33 years 
and 1 of 29; | ‘i 
A period of 194 years, containing 5 periods of 33 years 
1 of 29. | 
For the periods of the fourth order, 
period of 1131 years, containing 5 periods of 194 years 
and 1 of 161; | 
A period of 1325 years, containing 6 periods of 194 years 
and 1 of 161. 


15. Our knowledge of the length of the tropical year is 


hardly exact enough to enable us to carry the series further, | 


if it were of any use to do so. ‘lo accomplish the purpose 
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fully, it would be necessary to take into account the variation 
of the tropical year, which might probably be done withoy 
much difficulty. The system “of intercalation given above 


agrees with that adopted by the Persians, as far as the perio § 


of 161 years. See the History of Astronomy in the Libray 
of Useful Knowledge, chap. x. 


16. In order to determine what place a given year has in 


any period, the limits between which an equinox is always t 
fall, must be assigned. If it be required that the vernd 
equinox shall always happen on the twenty-first of March, in 
a given longitude, it is to be observed that according to the 
original assumption, f0 represents the interval between th 
time of the sun passing the equinoctial point and the fol. 
lowing midnight; so that this being known accurately in amy 
given year, the ‘beginnings of the several periods may bi 
found by the method explained in §. 13. To this end vw 
have 


365°242264 
5b = 
=a-nb = 242264 
bi=(n +1)6 005288 
= 000784 


The reader who is interested in this subject, may apply i 


the preceding formule to the measurement of time ly 


years and lunar months, or lunar months and days. Other : 
problems, besides astronomical, may also be solved by meat] 


of them; for instance, that of representing, as correctly # 


possible, an oblique line by stitches on canvass; and that d i 


building a wall, the top of which shall follow a given slope, 


with crtenetal courses of brick. 


S. 8. G. 


Il.—NOTE ON THE THEORY OF THE SOLUTIONS OF CUBIC AW) 
BIQUADRATIC EQUATIONS. 


By James Cockte, B.A. Trinity College. 


Ix the concluding section of Hymers’ Theory of Equations 
(1st Edit.) an outline is given of the method by which Lagrangt 
(in the Berlin Memoirs for 1770,) succeeded in showing that 
all the particular and apparently isolated solutions of equé 


tions then known, were capable of being referred to on™ 
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general principle. _ The great interest attaching to the inves- 
tigation induces me to hope, that the following extension of 


it, to one or two later cases, may not be unacceptable to the © 


readers of this periodical. | 
Resuming then the equation (2), p. 249, vol. 11. of the 


Journal, and multiplying both sides of it by the denominator 


of the right-hand side, 


{(mp)’ p} x= 
where p= 8z+a. Now let z, z,, z,, be the three values of z, 


and ax/(np), a 4/(np), the corresponding values of 


(np)’, then we have the following equations : 
{a. (mp) p}z,= {a. W(mp)+a}2+b 
x/(np) — p\x,= {a’. (mp) +a} 2+ b. 
Add these equations, then, since z,+7,+2,=-a,and1+a 
+a’ = 0, we have | 
(np) (x, + al, +az,)+ pad = saz + 3b, 
_ substituting, transposing, and making z, + az, + a7, = 
Vi(a’ — 3b) (8z+a)}. Y=-(a@ - 36), 
a (a — 3by 


3 


Hence this solution, like others, is effected by forming a 
“reducing equation,” whose roots are functions of Y°, which | 


quantity has (Hymers, pp. 189—192) only two values. If in 
the expression for z we write for z its value derived from (1), 
a simple and obvious reduction will give us the same values 
of z as are obtained at p. 192 of Hymers ; and the fact of only 
one of the values of Y* entering into the expression for z, 
confirms my concluding remark in the last number of this 
publication. 

- On examining next the discussion of a biquadratic, (Hymers, 
Pp. 192), we see that there are three several systems of func- 
tions of the roots of the original equation, which, possessing 
only three values, are competent to form the roots of the “ re- 
ducing equation ;” these functions are of the forms 

(2, + +2), and (z,-7,+2,-2/, 

which last is the square of y, and forms the roots of the re- 
ducing equation in EKuler’s method; the second applies to 
Waring’s, and the first to the accompanying one, whose final 
cubic (provided the elimination be performed as below) is 
essentially different from the ordinary ones and coincides with 
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that in Hymers’, p. 192, line 6 from the bottom; to which 
indeed it is the corresponding particular solution. 

Besides the above, there is another more complicated fune. 
tion, having only thr ee values, which forms the basis of the 
solution given by your correspondent //; it is of the form 


—*4~ ,as he has shown in vol. 1. of the Journal. 
t,-2,+2,-2 


Now, let a! + pe + 
be supposed to be made up of the factors. 
(e+ ex+ gu + h); 
then, multiplying and equating coefficients of like powers of g, 
e+g=p......(1), 
but, by (1), 
=Vi(q - egy 48} by (2) and (4); 


and since (3) may be = under the form 
=(f+h 
by substitution transposition, 


V(p* 4eg) Vi(q egy 48} = - g)- % 


therefore squaring, transposing, and making eg = 


Had we made f+ A= 2, we should have had W aring’s 
solution, or if we had taken e — g, we should have had the 
resulting cubic given in pp. 166 and 170 of Hymers, which 


is the basis of Euler’s method; the process of elimination in 
each of these cases being of course slightly different. 


Middle eile. December 23, 1841. 


I1l.—EXPOSITION OF A GENERAL THEORY OF LINEAR 
TRANSFORMATIONS.—PART Il. 


By GeonGe Bootueg. 


From the great length to which the inv estigations of Part 1 
have extended, I shall in this paper chiefly confine myself to 
the exhibition of results, and shall leave it to the reader to 
supply the demonstrations omitted. 


| 
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ch ‘1. Let us represent the binary system of equations, g =7, 
and Q = , under the forms 

a 


wherein 4,, B,, are constants, susceptible 
each of a different value for every successive term of the 
function to which it belongs, x a numerical constant deter- 
mined by the formula | 


1.2.3: 
12... 
and a, «fly positive integers, (the value 0 


included,) subject to the condition of homogencity; 


men. 
The relations among the constants of (1) and (2) derived 


from the dependent conditions, 9(Q + hq) = 0, O(R+hr)=0, 
may then be expressed under the symbolical forms, 


d 
( 
Za, iz) (2 im) OCR) 


- the values of » varying from 1 to y the index of the degree 
of 0(Q). ‘To elucidate more fully this notation, the above 
theorems may be compared with their equiv alents in Part 1. +5 


Te) 
Or)’ 
2. The above results may be included in a very important 


generalization. Suppose that we have p + 1 equations, ex- 
pressed under the general forms 


it being observed that - 


then are the equations | anc 
OR+hr,+hy, ... + hpty)=9.. .(), 


identical relatively to h,, h,, .-- 4p; and if we put 


| 
| 
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then are all the relations among the constants of (4) included 


in the theorem 


a,b,.... 7, being indeterminate positive integers, the value 
0 included, subject only to the condition that their sum shal 
not exceed y. In place of ( 8), we may with somewhat 


greater gener ality say, 
Q 0(R) | 


F denoting any rational and interpretable combination of the 
symbols to which it is affixed. 


(1) Let us take the ternary system of equations, 
ax’ + by’ + + 2Wdyz + 2exz + 2fry + 
a,x + by + + + a,x" + (8); 
+ by? + + + + =a + &e. 
the first of which, gy =r, we shall put in place of Q=R, 0 
(4), then 


= abe +. 2def —-(ad* + be’ + cf*) O(r)=ad'c + &e. 
As 0(q), 9(7) are of the third degree, it is manifest that all 
the forms deducible from (6) will be included j in the following 
nine equations, 


- 
Gy) 


Of the above equations, the fifth, (9), will after deve 
lopment involve in its numerators the coefficients of all the 
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equations of the original system. By this: circumstance it 
is distinguished from the remaining eight, which are in fact 
no other than would be obtained, by applying the theorem 
for binary systems to the separate pairs of equations which 
may be selected from (8). ‘The development of (9) gives 


+ 2def —(ad* + be + cf*)} + &e.) 
abe + 2def — (ad* + be’ + cf”) abe + &c. 
where 3S, applied to any particular terms, denotes the aggre- 


gate of all similar combinations, which are of the first degree 
with respect to the coefficients of each of the primitive equa- 


tions; thus, 


Labe = abc, + abe, + abe, +abe+ abe, + 
the remaining eight equations may be derived from (56), &c., 
Part 1. | 
3. When the system (4) is linear, the theorem (6) ceases to 
be interpretable, and is replaced by the following. Let the 
values of z,, £,, ... Z,,,1n terms of the other set of variables, be 
| Z=Ay, + Ay, + AY) 


and let E be that function of the constants obtained by | 


eliminating the variables from the second members of the 
above equations, expressed under their most general forms, 
and equated to 0. Let E, be a similar function of the 
constants involved in the first members of any m equations 
of the original system (4), and EF, of those entering into the 
second members of the same equations, then 

whence all the relations may be found. 

4. Hitherto we have confined ourselves to the supposi- 
ton, that the equations of a proposed system are all of the 


same degree. When such is not the case, recourse must 


be had to one of the following methods :— 

First, We may raise by involution each of the priunitive 
equations to the degree indicated by the least common 
multiple of the indices of their degrees, and then apply the 
theorems of the preceding sections. 

Secondly, The second method depends on the judicious 
application of the principle which I am about to demon- 
strate; a principle the applications of which are not re- 


stricted to homogeneous functions, and which, if properly 
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followed out, may be found of service in more than op 
department of analysis. 

Let U, a function of trans. 
formed into V” , a function of y,, y,,.... y,, by virtue of the 
relations (10). 

Differentiating, we get 


dz, = \.dy, + X,dy, ... +X dy.) 
| | 
eee | 
LU aU 
dx — dy -— dy dy.~&c. 
a” 
dy “dy, ... dy. 
independent = The only relations into which they enter 
are those of (12), by which they are linearly connected with | 


dy,, dy,,..d in the same way as Z,, ate 
connected: with Yi» Yos---Y,- It is hence evident, that the 
second members of (13), (14),(15), may be regarded as formed 
trom their respective first members, by the substitution of the 
values of given in 12). Indeed the 


ents, &c. though variable as being functions 
dx de, 

OE e nevertheless constant relativ ely to dx,, 

ae It is theretore clear that the equations (13), (14), (15), 


regarded as homogeneous with respect to the differentials 
fulfil among their coefficients the same relations, and are sub- 
ject to the same general laws as if those coefficients welt 
absolutely constant. 

By the application of this principle, it may be shewn thal 
the discussion of a given multiple system of equations may be 
reduced to that of another system, whose common index shall 
equal to the greatest conmon measure of the indices of the or 
ginal equations, or to any proposed multiple of that quantity. 

9. Given the binary system, 


+ by... .(16), g.=f... (17) 
the latter equation being homogencous, and of the n™ degree 


jest 
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By differentiation, 
adr + bdy = adr + 


dq dq dr dr (18); 
dz + dy =— dz +—d 
dr d dxr dy 
these equations being linear with respect to dz, dy; dz’, dy’, 
we have by (11), | | 
dx dy dz 


which may be written under the form, 


Via 
E(« dy ie) (« dy dx 


and would give, if the differentiations were effected, a homo- 
geneous equation of the (n -— 1)" degree. ‘This we shall 
represent by g’ = 7. Again, therefore, ‘applying the theorem 
(11), we obtain 


or substituting for g and r’, the respective members for which 
they stand, 


and thus finally, after » repetitions of the process, 


d d \" d q¥ 7 


It remains to determine £. Now by (87), Part 1., 


J = Or) 
Ku 


for when m = 2, it is easily seen that y=2 (wu -—1). And since 
the relations among the variables are the same as those among 
the differentials, it is evident that the value of J, deter- 
mined from (20), may be applied in the present case. Substi- 
tuting that value in (19), we obtain 


dy dg dy dx (21) 


7) 


By giving to » the values 1, 2, 3...2, we shall obtain a series 


of homogene ous equations, of w hich the last but one will, with 
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(16), determine the linear system, and of which the last wil 
give a relation among the constants. Lhe remaining relation 
may be deduced, in various ways, from the remaining equa. 
tions of the above system. 


Ex. 1. Suppose the primitive equations to be 
Ax’ + 2Bry + Of = Ax’ + + Cy”. ... (2) 
Here g = + 2Bry + Cy’, 0(q)= AC - B, n= 2, &; 


substituting in (21 ) and making yn = 1, we have 


a( Br + Cy) Ax + By) a( Bz + Cy)=- 


WAC - VAC 
Apr +(aC— _ (a B-b'A')z' +(a'C' By 
BF) | ~ B) 


this completes the linear system. Again, making 7 = 2, we find 
aC— _@ -2ab B+¢c°A 
AC - B AC - 
which expresses the relation among the constants, and may 
be easily verified by the former method. 


(25), 


We may here e, that the number of the 


among the constants of a proposed system of homogeneow 
equations, will be equal to the excess of the number of con J 
stants in the functions to be transformed, supposed to be 
expressed under their most general types, over the square 
the number of variables in those functions. This is evidert 
on the common principles of elimination, for the constants i 
the linear theorems (10), are in number equal to the square d 
the number of the variables, and it is by an implied elimin« 
tion of these, that we arrive at the constant relations sought 
This rule fails when there are not sufficient data to render the 
linear system determinate, as in the next example but one: 
whether in any other case, I have not determined. 


Ex. 2. Let the primitive equations be 
game +ny 
ax’ + 3bx'y + 3ery’ + dy’ + dy" ...... (27). 


by (21), the signs being changed for convenience, 


dx da dy 
= 


”) 
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Giving to 7 the values 1, 2, 3, and performing the differen- 
tiations, we have 
ax + 2bry + cy naz’ md y” 


19 (q)| (a'd')’ 
(29) 
(a'd')’ 
3 3 
ad 
| 
From (28) and (29), by (25) we have 
__ mn (31); 


(dy 


of the above results, (30) and (31) determine the relations 


among the constants, and (29) completes the linear system. 


We will now examine the forms of solution developed by - 


the principle of our first method ; for this purpose cubing 
( es our equations become 
* = mz” + + + n'y”, 


b' and c’ being supposed to vanish after the differentiations, 
and the symbolical formula for binary systems gives 


d d 
( 


: The first member I shall not develope ; in the second we 
ave 


G(r) = (a'd' - b'c'} ~ &e. = 6a'b'c'd' — 3b°c? + 4b°d' + 4c7d’, 


giving to » the values 1 and 2, and putting for brevity 


= 6, =, 9, we obtain 
| 
2m’ + 8m'n'a'd' + 


will 
ONS . 
| Ula 
| | 
nd 
|, 
¢% 
nay 
: | 
ons 
he 
8 
nt . 
en 
lll 
ni- 
ht. 
the 
e: 
| whence, by reducti 
Whence, by reduction, 
rs 
a d 20 
> (39 
m n 
| 


114 Eapontvon of a Theory of Linear T. — 


If n > 2, the theorem gives 0 = 0, whence there are no othe 
relations than the above. That they are equivalent to (30) and 
(31), I have confirmed by actual examination. 


The above is a very instructive example. The intelligey 
reader will observe, that while the method employed in th 
_ former of the two solutions, possesses in every other respeg 
the advantage, it is in this particular deficient, that it does net 
sufficiently Limit the number of the final. ; for by em. 
ploying ( 29 ) in the room of (26), or by various other strictly 
legitimate artifices, we might extend to infinity the series of 
the constant relations, of which it may however be demon 
strated, that two only are independent. This peculiarity wil 
again fall under our notice. | 


6. As examples of equations with three variables » let us 


take | 
Ex: 1. ax + by+cz=azx' + + . (33) 
(Az’+ By'+C2+2 Dyz+2Ex2+2Fry = + &e.. (34) 
Here the second method is inapplicable, by the first we get 


ms M, N, &c. as in (57), Part 1. 
‘Ex. Ze ax + C2 a r by ez 


t+ 
uniting the two methods, we obtain for the constant relations, 
=a" +b" +c” 
a, 0," 
ad, > bb. CC, = +C C, 
and to complete the linear system, - | 
(bc, — b,c) x +{ea,- ¢,a)y + (ab,- a,b)z b/c) + &e. (88) 
The above, which 1s a very. simple case, is merely given t : 
shew the wide range of the method. 


7. Let us next take the general binary system, 
Q=R. . (40), 


the former equation = of the nth, the latter of the m" 
degree, supposing m > nandan > 1. 


yrmation 
4 
i 
A 
* 
4 


other 
) and 


gent 


1 the 


spect 
Not 
eM: 
riety 
es of 
mon- 


et us 
(33}, 


get 


10Ns, 


Exposition of a Theory of Linear Transformations. 110 


The general formula of reduction will be found to be 


Q 
(gin 
Ny 
dh. R. (41): 
(r)}n 


but except w vhen the equations are of a very elevated degree, 
| it will perhaps be more simple to employ directly the general 
| principles of § 4. : 


Ex. 1. Given the system, 


+ cy = az” + + (42), 


Ag’ Dy’ =A'r°+3Br’y +3Cz fs Dy’”...(43). 


| taking the second differentials, we have 


dz dy +e'dy”, 


(Axi By \da’+2( Br+ Cy dxdy+( Cr+Dy dy’ A'z ‘+B y dz*+&e. 


band treating these as homogeneous equations of the second 
E degree relatively to dz, dy, dz’, dy’, we obtain 


(At + By) (Cr + Dy) Ba + Cyy 


ac - 


(A'a' + By) (C'x' + Dy) + Cy'f 


— 


ac 


a(Cr+ Dy)- 2b( Br + Cy) +c( Ax + By) a(Cz+Dy)- &e. 


ac ad 


arranging with reference to z and y, z and 


(A C- B’)7’-2( A D- BC (A 


: 26B+cAjr+(aD- 2bC+eByy -2 B +c A + 


Lett AC-B=p. AD-BC=qg. BD-C'=r. 
aC -2bB+cA=s. aD 2bC + cB = t. 
AC'- &c. &e. 


then have we the following system of equations, 


az’ + Qbry + cy* = + | + ey" (44), 
ac -b 


se 


ag 
| 
ut 
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sxr+ty sx'+ty 

} 


(44) and are homogeneous of the second 
degree, 


—4pr 
ar bq +ep 
Also, from (44) and (46), rede Ex. 1, &. 5, 
at 2bst + es” s'¢ + c's” 


(at-bs) x+ (bt-cs)y — b's’) + (bt (50) 


Of the above results (46) and (50) determine the. linew 
system, (47) (48) and (49) express the relations among tle 
constants.. Other forms of solution may be found ini 
finite variety ; thus a relation may be found from (45) al fi 
(46), but they will all be combinations of those we hav 
already obtained. Meanwhile there is nothing in the’ pr 
cess which appears to indicate when it is necessary to stop, 
and what is the nature of that functional connexion whic 
must exist among the interminable series of equations, 1 
which, if continued, it would give birth. ‘To the discussion 
of this question, I would especially direct the attention 
those who may be disposed to take up the subject. 


8. Linear transformations have hitherto been chiefly appli 
to the purpose of taking away from a proposed homogeneoti 
function, those terms which involve the products of the vat 
ables. It may be observed that this problem resolves itse! 
into two principal cases: the first is that in which the tra 
formations, besides being linear, are understood to represet! 

a geometrical change of axes, or are such as to involve _ 
yA extension of this analogy ; the second case is whe Bi 
no other condition than that of linearity is introduced. [i 
is to the former of the above cases, and to that only 4 
developed in the first of the subjoined examples, that th 
efforts of analysts appear to have been hitherto directed. 

Ex. 1, To transform the homogeneous function Q, of th 
second degree, with m variables, 
By, + By? conformably with the condition 


reg 
Bus 
~ 
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Representing 2 above condition by ¢ = 7, form the equa- 
tin 0(Q + hq) =0; the values of A, taken negatively, will 
Ex. 2. To exhibit, under a general theorem, all the linear 
S systems by which the function ax’ + 2bry + cy’, may be 
reduced to the form az" + cy”, a and c’ being given. 


Let m and n be any two quantities satisfy) ing the condition 


m 


a 

| then are the general linear forms in-question 

| y= mz +ny 

ax+by (52); 

+ TM these results are deduced from Ex. 1, § 5. 
i £Ex.3. To take away the products of the variables from 
Fa proposed homogeneous function, of the form 
+ + 8cry’ + dy’, 


© by transformations equivalent to a ee change of 
axes. 
| Let represent the inclination of the axes and y, that 


of the unknown axes z’ and y’, and + d'y” the trans- 


formed function ; then, by the aid of ten subsidiary quantities 
1 P97, 8, t, P, Q, R, S, T, the solution will be conveniently 
= expressed j in the annexed forms, 


2b cos 0+c, t= b- 2c cos 6+d, 
Q=p-—qcos0+r, 2st cos 
P sin 0 
V{P* (sin OF + 


S=R (= ~2Q (a) (= 4 
sin @ sin sin 


(> 4 20(= sin 9} 


sin = 


_vS-vT 


2 
and for the linear relations, 
se+ty a'z'+d'y’ 
(t-s cos )r- (s-tcos _ (d'—a' cos —-(a'—d' cos’ 
(sin 0) (sin 


> 
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When the original axes are rectangular, the above resil 
are greatly simplified. The reader will perceive oan the 
are deduced from Ex. 1, § 7. 


We take as a numerical illustration the 
| 37x — 86xr°y — + = 
the axes z and y being rectangular. | 
Here a= 37, =- 12, 12, d= 387. The resulting fom 
is found to be 
with the linear relations © 
r= ; +39 > 
Y=5r+5y- 
Ex. 4. To transform the ‘tion, ax” + + + dy, 
to the form + d'y”,a@ and d’ being given, and the tran 


formation unoesivicted by any other ‘condition than that ¢ 
linearity. 

The direct solution of this problem is contained in " | 
formule of Ex. 2, § 5, which shew that if m and n be oe 
determined as to satisfy the oT | 


then the linear system in eens will be 


y = ma + ny 
ax+by was + we 


(0) (dd) 


gantly applied to the solution of algebraic equations. Th 
following example, in which I shall apply the above theorem 
will clea rly shew the nature of the connexion. 


Ex. The most general form of the cubic equation is- 
av’ + .3bv°+ 8cv0+d=0.... (57); 
the simplest of possible forms is | 
giving v =1. If by linear transformation we can redut§ 


(57) to (58), the solution of the former will be derived fra 
that of the latter. ‘lo effect this we first render them hom? 


geneous by putting = —, ‘The problem 1s the 
y 


reduced to the discussion of the equation 
+ + dy =z? (59). 


q 
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| 
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Here, since a’ = 1, d' =— 1, we have, by the theorems above, 
y= me +ny...... (61), 
= nx my’ oe (62). 


From (60) we find 


Dividing (62) by (61), and making : =U, 7 =v =1, we find 
ac+b 
= =n-M; 


m 


in which it is only necessary to observe, that 

| = 6(q) =(ad - bey 4 - ac) (e - bd), 

= = Aad — + 20°), =O = Qa’. 
dd 

To extend this investigation to the equations of the fourth 
and fifth degree, will require the previous determination of 
(9) for those cases, a question tedious but not difficult, and to 
which either the method described in Part 1., or the ingenious 


modes of elimination devised by Professor Sylvester, may be 


applied. As this question is of fundamental importance, and 
needs to be determined but once, it is much to be desired that 


» some one, possessed of leisure, would undertake its discussion. 


An equally important subject of inquiry presents itself in 


| the connexion between linear transformations and an exten- 


sive class of theorems depending on partial differentials, 
particularly such as are met with in Analytical Geometry. It 
1s not my intention to enter into the subject in this place, nor 
have I leisure either to pursue the inquiry, or to elucidate my 
present views in a separate paper. ‘To those who may be dis- 
posed to engage in the investigation, it will, I believe, present 
an ample field of research and discovery. It is almost need- 
less to observe, that any additional light which may be thrown 
on the general theory, and especially as respects the properties 


of the function 0( 7), will tend to facilitate our further progress, 


and to extend the range of useful applications. 


Lincoln, October 21st, 1841. 


: 


> 
r 
© 
AL 
| 
\ 
a+ 
i 
| 
be } 
4 
| 
a 
on 


120 


1V.—A METHOD OF OBTAINING ANY ROOT OF A NUMBER IN 
THE FORM OF A CONTINUED FRACTION.* | 


Lue principle of the following method of approximating ty 
any root of a number, will be best exhibited by taking fir 
the simplest case, that of the square root. 

Let N be the number, and let N= a’ + 6b, a’ being the 
square number next less than N. Then identically, v(N)= 
+V(a@ + b)—a. Now V(@ + 6) - ais less than unity, and may 
therefore be assumed equal to the continued fraction © 


l 
p+atre+ &. 


1 ] 
Hence v(a@ + 6) -a is less than — and greater than al 
- 


so that p is the greatest whole number that satisfies the in- 


equality 


4+ b) - a 
| 


By squaring, a’? +6 < a’? or 2ap < 1; whence 


p.is readily found by trial. Again, v(a’ + 6)—a is greater tha 


: and less than 


| 
qe 


Hence q is the greatest whole 


1 
number that satisfies the inequality V(a + b)- a > —" 


+- 


b ( p+ p+ By means of this inequality, 
| 

may be found by trial when p is known. It is evident tha 

the successive inequalities may be formed by substituting 


1 
pt : for p in the first, g + — for g in the second, and so 0 


and changing the sign > or < at each substitution. Thi 
consideration will facilitate the numerical calculation, as 
be seen by an example. | 


Let N=1i. Then a= 3, 2, and the first inequality 
2p° - 6p <1. Hence p= 3. The second inequality 1s therefor? 


-<—-- 


* From a Correspondent. 
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q 


(3+ + > 1, which gives g’ — 6g < 2; hence 

6. The third inequality 1s 6( 6+ 2, which 

gives 27°- 6r < 1. As this is the same as the first, the opera- 
tions will recur, and we therefore have 

| | 1 

| de, | $+ 6+ 3+ 

The way of proceeding in approximating to the cube root 

of a number is precisely analogous to that above. Let 


N=a'+b;then,as before. + b)-a < Hence a’ + 


01, bp? Sap < 1; and p is the 
| 


greatest whole number that satisfies this inequality. Let, for 


example, N= 10; then a= 2, b = 2, and 2p?- 12p°— 6p < 1. 


Hence p=6. By substituting 6 + — for p in the above ine- 
4 quality, and changing < into >, it will be found that 37q° - 


669°-24¢ < 2. Hence g=2. The next inequality is 187° — 


- 156r°- 156r < 37, from which r=9, and so on. Hence 
approximately 

this result is true to four places of decimals. 

_ The same method applied in extracting the fourth root of 
20, gives the approximate value 


which is very nearly true to five places of decimals; the next 
quotient is found to be 22. | - 
It is evident that this process may be employed to approxi- 


mate to any root of a fraction. Let, for instance, | 
510) 30 1 
7 p+q+&e. 7 
Whence -28p < 7,and p= 14. The second inequality 1s 
therefore 2 1442 > 7, which gives 7q°—-28q < 2. 


q 
Hence g = 4, The third. is, 27° —- 28r < 7, and is the same as 
the first, Consequently | 


(30 1 
7 144+ 2+ 14+ 2+ 


be 
| 
of 
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a result easily vesied by obtaining in the usual manner the 
value of this recurring continued fraction. 
Let it be required to approximate to 4Y(2) in a continued 


fraction. As this quantity is less than unity we may assum 


8) ptgirt 

Hence p is the greatest whole number that satisfies the condi. 

tion v/ @ < rs The successive inequalities and the result. 

ing values of p, g, 7, &c. will be found to be as follows :— 
q - < 2, ..g=6 

— 307 127 < ly 1. 

58° 84s < 38, ..s =10. 


Hence (? nearly; this value 
6+ 14 104° 87 

is correct to four places of decimals. | 

It appears therefore that the method here pr oposed gives 
the means of throwing any root of either an integral or 
_ fractional quantity into the ‘form of a continued fraction, and 
consequently of approximating to the root with any required 
degree of 


V.—NOTES ON SOME POINTS IN FORMAL OPTICS.* 


1. Construction for the place of the primary ape line after 
oblique reflexion at a spherical surface. 


Let E be the centre of the surface, P the focus, PR the | . 


axis of an incident pencil meeting the surface in R, RA the | 


axis of the reflected pencil. From £ draw EF perpendicular 


to PR meeting PR in F’; from F draw FG perpendicular to a 


ER meeting ER in G, and draw the straight line PG meetin 
RQin Q. Then Q will be the place of the primary focal Line. 
For by the construction Q would be the place of the secondary 
focal line, after reflexion at R of a pencil having P for It 
focus, from a surface having G for its centre. Therefore, if 
ER=r, PRE=4, PR=u, QR =0,— 


But RG =r (cos 9), Qis the place 


of the primary focal line. 


* From a Correspondent. 
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2. Construction for the place of the primary focal line after 
oblique refraction at.a spherical surface. | 

Let E be the centre of the surface, P the focus, PR the 
axis of an incident pencil meeting the surface in #&, RQ the 
axis of the refracted pencil. From P draw P£' perpendicu- 
lar to PR meeting in F; from draw perpendicular 
to RE mecting PR in G; draw the straight line EG 
meeting RQ in A; from A draw AH perpendicular to 
RE meeting RH in H; from H draw HQ perpendicular to 
RQ meeting RQ in Q. Then Q will be the place of the 
primary focal line. For by the construction Q would be the 
place of the secondary focal line of a pencil having G for its 
focus, and G/? for its axis after refraction at #. ‘Therefore, if 


RE=r, QRE= PRK = u, = Us sin p sin 


- = cos — cos o), v= GR(cos py ,v = KR (cos 
Therefore Q is the place of the primary focal line. _ r 

3. Construction for the place of the primary focal line after 
oblique refraction at a plane surface. ‘G 


Let P be the focus of the incident pencil, PF its axis 
meeting the surface in R; RQ the axis of the refracted 
pencil. Draw RF’ perpendicular to the surface; draw PF 
perpendicular to PR meeting RF in Ff’; draw FG perpen- 
dicular to RF’ meeting RP in G; through G draw GK 
parallel to RF’ meeting RQ in H; draw AH perpendicular 
to RF meeting RL’ in F, and HQ perpendicular to RQ 
mecting RQ in Q. Then Q will be the place of the primary 
focal line. For if PRF = 9, QRF = sin = sin 9, 
PR=u,QR=v, KR=ynGR,u= GR (cos 9), = KR (cos 

| u | 
Therefore Q is the place of the primary focal line. 
| W.H.M. 


Therefore 


VI.—ON ELLIPTIC FUNCTIONS. 
By B. Bronwin. 


Sik James Ivory has greatly simplified the Theory of 
Elliptic Functions as given by M. Jacobi. He has also 
applied the theory to the case where the index of multiplica- 
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tion is an even dusibies. But the case of which M. Jacob; 


has treated is susceptible of still further simplification. ia 
The following auxiliary formule are from Jacobi, page 39, 
Put am. u=d,am. go 
then if. Aa = v(1 sin” a), Ad = = V1 sin’ b), | 1, 94 
un 


sin-a cos bAd + sin cos Aa 
sin o = | 


sin’ a sin’ | 
_ COS @ COS b—sin a sin b AaAb th 
1-F sin’? a sin? b 
Aa Ab sin a sin b cos a cos 
1—# sin’ a sin’ b of 


sin a cos — sin cos 
sin = — 


1 — sin’? a sin? 
0 cos a cos + sin sin bAaAb (A) 
: sin a sin cos a cos 
AG = 4 
-—F sin’ a sin’ b | 
sin’ a — | 
sini ¢ sin = ——__. | 
cos” - sin’ b | 
cos o cos § = 7 
1 sin’? a sin’ 
| cos’ b+ k* sin’ | 
1 — sin? a sin’ b 


The transformation to be effected 1s 
dy Bdp | 
_—— ,or dv = Bdu.... (B 
Here =am.v,p¢=am.u. Letv= H when = —, 


when ,h’ ; and let and be H ant 
K when h is into and into Make 
being an odd integer. Moreover when w= 9, 


2, 3w, &C; suppose v = 0, H, 2H, 3H,&c. And to abridge 
as much as possible we shall put s.a for sin amplitude, ¢.4 
for cos am, and t.a for tan am. 
Assume 
$.d.U (u + 2) 8.a(u+ 4w) 
S.d.w 8.d.3w $.d.5.. (22-1) 


$.2.0 = 


— 
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+ + 4w) one C.a + 2 (n - 1) w} 


When uw is changed into w+ 2w, each factor of (1) and (2) - 
goes into the succeeding one, and the last into the first with 
a contrary sign. The second members therefore remain 
unchanged except as to the sign. Consequently if w=0, 2w, 
&.; sinam.v=0; cosam.v=+ 1. If u=a,. 30, 5, 
&e.; sinam.v=+1; cosam.v=0, because some factor in 
the numerator of (2) becomes cos am .nw = cosam. K = 0. 
The second members of (1) and.(2) therefore are suitable 
expressions of the values of the first. 
 In(1)change into w+ K, v into v + then by the first 
me .of(A)wehave | 


,sinam.(u+A )= 
a: 


0.4.0 = 


cos am 
smnam.(v+nH )= + — 


| Aam | Aam . u 
The other factors will be similarly changed ; and (1) becomes, | 
putting A for its denominator, ad 
QW)... {u + 2(n- 1) w} 
~A.a.v. AA.@.ud.a(ut Ww)... A.a 
Multiplying this, member by member, by (1); we have aa 


SAU CAL s.a (u + 2w) c.a(u + 2w) (3). 
Age A.a(u+22w) | 
This result is derived entirely from (1), and must therefore 

give the same relation between v and w which (1) does. 
«Jn (2) change u into w+ K, v intov+nH. ‘Then by the 
second of we find 
Thus (2) becomes, putting B for its denominator, | | 
(u + QW)... 8G. Ju +2(n—-1) w 
 BA.aud.a (wu + Qw) . 442 1) w} 
Multiplying this by (2), member by member ; we obtain 
savcav  s.aucau (w+ 2w) (4) 
Agu: 2w ) 
This last is derived entirely from (2), and must therefore give 
the same relation between v and wu which (2) does. But if 
27) 
A’ = ,(4)is the same as (3). Therefore (1) and (2) give 


the same relation between v and 1, or they are derivable from 
each other. 
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The equation A’ k” = B’ h’ gives 


m{ 3-20 8.0.30, ... s.a(n—2)w \* 


1) uf 
| 
TA (2w) A(4w).... A(n-1) w 
If in (B) we make ¢ and w sahathely small, we find 
B = $.d.4w... . 8.0.2 ( 


We notice here a particular property of (1). By (A) we 

find s.a(u+2w)s.a {u+2(n- 1)w} =8.a(2w + 8.4 


$°.a.2w — 


If in this we change s.a.u into —— 


it becomes 

sau 1 l 

¢aWw-s.au Kh s.a(u+2w) u+(2-1)o} 


The same change would take place in every other corres 
ponding pair of factors. Hence it is easily seen, that to change 


$.a@.u into - , we should change s.a@.v into ,-—— 
hs .a.v’ 
if we make | | . 


a\ 


If in (2), we change s.a@.u into , S$. a.0 into 
iS 
l 
As . 3 and compare the result with a similar result before 


pele le we shall see that A is the quantity so denominated 
(B). From what has been done we easily derive the following: 


S.a.0 = 8.4 (U+Qw)...8.4 {u+2 (n-1)w} | 


C.A.0 = (U+2w)...0.4 {U+2(n-1) wf. | 


t.a.u ta (u+2w) (n-1) w 


h’ 


t.a.v0= 


A.a.v 
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| If we make z = 8.a.u; the first of (C), when developed, 


1 .a.2re}’ - 


hp 
where P denotes the continued product, giving to r all the 
| | 
integer values from 1 to —-— inclusive. The roots or values 


| of z in this equation are | 
S.a.U, s.a(u+4w), s.a(u+ 8w)...8.a + 2(n- 1)w} ; 
and -s.a(u+2Qw), —s. alu + 6w)...— 8. a 2(n- 2) w}; 
or 8.a(u—4w), 8.a(u— 8w) 
The coefficient of the second term of the above equation 


| with its sign changed is equal to the sum of these roots. In 


| like manner by making z=¢.a.u, r=t.a.u, c=A.a.u; 
| we shall obtain similar results for these quantities. ‘These re- 
sults are 


hp 


8.0.0 =8.a.u+ Ds.a(u+4rw)+ D8.a(u- 4rw) | 
k 


hp 


1a.0=t.au +S t.alu + 27w ) 


CaU+ c.alu+4rw)+ 4rw) 


B A.av=A.a.u+ ZA.a(u + 2rw) 
In the two first of (D) r is all the numbers 1, 2,.... 


in the two last it is all the numbers = 1. 
l 


By making z= ——, x = 
CAM 

many more formule similar to ())). But they may be more 
easily found from (D) by changing wu into u + K, v into « + nf, 


or changing s.a.u into 


, &c. we might find a great 


£40 the 
k s.a.u’ 


these operations combined. In all the preceding formule, I 
lave omitted the ambiguous sign + when it occurs, thinking 
It perplexing and useless. 

lhe first and second of (C) give 


tang p € cot’ a.2rw tan 4 


+ tan’. 1+ A? a.2rw tan’ 


; or by both 


| 
| 
| 
ae 
bi 
4 
| 
We 
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On — Functions. 
| (ar 1)¢ = sin! 
VG 1; ~ k's’ .a. 2rw sin’ ) | 
1 ‘1 — cot’ a (2r 1) tan’ 
+ tan? o) 1+A’*.a. 27w tan’ 


| 1 cot’ a. 2rwt 
| aid therefore tan (3 tan 


cot? a(2r — 1)w tan’ 


Let & be the denominator of sin ~ and cos ¥; thal 


sin’ + cos’ p= 1; 
sin’) + FR cos" =(1 +tan *p).P (1 + a.27w tan’ 9}, 
Each factor of the first member of this last must be equi 
to the product of all those factors of the second member whid 


divide it. Now R cos &sin 1) = 0 gives taj 


=V(-1), Reos~- KR sin 1)=0 gives tan y = 


alsol+A.a. 2rw tan = 1})=0 gives tan = 
which substituted in the expression of tan w gives it affirm 


tive. 


A 
which gives tan J negative. The factors of the second met 
ber therefore which have their second term positive, divit 
that factor of the first whose second term is positive ; and thot 


1- A.a. 27rw tan gives tan @ = 


which have the second term negative, divide that wh iy 


second term is negative. Consequently we have 
Reos~+ Rsinyd VW - 1) 
={1+tangv(-1)}. P {1+ A.@. 27 tan (- 
R cos} - sin v( - 1) 
={1-tang V(-1)}. A.a.2rw tan V(- 
1 + tan v( - 1) 
1 —tan 1) 
1 tan v( - 1) ps! 2re tan 
“T-tmev-1) °° 11-A.a. 1)) 
Taking the logarithm of each member, we have by knowl 


formule, 


2D arctan {A.a. 27wtang}.7r=1, 2,... — 


Let us now differentiate (f), remembering that 
dp = dv h’ sin” db = du v1 sin’ ’ 
and there results 
dv V(1 — h’ sin’ = V(1 # sin’ 


Bs? a. sin 


“GD 


t 
r 
é 
a 
3 
3 
| 


_ Also (F) or = 
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form : 
Bva - # sin’ = V0 - k? sin® 


the last but one divided by the last, member by member, 


gives 4 = du, or do = (du; which proves the success of the - 


transformation. 
The transformation we have obtained diminishes the modu- 


lus. We may easily derive one from it which increases it ; thus 


The last of (D) developed may be put under the following 


make sin = tan7 V(- tang; and (B) 


becomes 


VG -h? sin?t) sin’ 


Developing (C’), and putting s.a.v = sin W=rtanr, Sau 


=sing=7tan@; those formule will give sin 7, cosr, &c. 
expressed in terms of ¢. | 
Suppose now infinite, then K=n, 


1+sin 
log € which gives sin 


Again, (B) 


~2u 


the base of hyp. log. If for w in the last we put w, 2w, &c., 


tH wH 
we shall have these last quantities, and all other functions 
wH 
of.am.w, expressed in terms ofc “/ . 


If we make r = am .v', (F) becomes v' = Bp; and sin $= 


&c. and for sin @¢, sin am.w, sin am. 2, &c. 


sin B =sin ——,. Substituting these values in the formule 


obtained from (C)as above indicated, we shall have sin am .v, 


/ 


cosam.v' &c. expressed in terms of sin ——, ; or of the func- 


tion itself. : Thus the functions of the amplitude of v' may be 
expressed in terms of v' itself by infinite factorials or infinite 
series, as M. Jacobi has expressed them. 


The transformation effected in this paper is that of M. Jacobi. 
| Q 


| 
—_ 
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In page 47 of his work, changing his notation into mine wher 


they differ, he has 


| 


The middle factor is s.a.{w+2(n- 1)o}; and the follor. 
ing factors easily reduce by (4) to 

+ s.a(u+2Qw), + s.a(u+ 6w),&e. 
Also #’ has the same value in this theory as.X’ in Jacobi; se 
page 46. Therefore his transformation and mine are the same 
I now proceed to point out an error into which he has fallen 

It has appeared that the factorial, 

8.0.30 8.4.50. 

enters into the values of sin am.v, of h and h’, and of f. I 
therefore s.a.nw be nothing or ibd, it renders thos 


> 


A 
values faulty. We have made w =— ; but let w = —; thea 


n 

sin am. nw = sin am.2H=0. In like manner, if m be ay 
ma 

even integer, and w = ——, sinam.nw = sinam.mK=0. 


We cannot therefore have w = ——, if m be an even intege. 
n 


Let sin =V(-1).tan ~ = ¢ tan see Jacobi, p. 34. Ther 
dp 
Whence the follow ing, 


sin am (wu, k) = tan am (u, hk’); 
| | | uk) 
cos am(tu, kh) = - , Aam(iu, = (5 (G 
cos am (u, ) cosam(u, k’) 


/ 


Now suppose w = =~ . ‘his is making m in the last cast 
equal to nothing, which is an even number. But sin am. hw 
=sin am or = sin am ((K’, tan am (K’, & 
This must render all the quantities above mentioned faulty 
especially as all the other factors which enter into their values 
will be finite. ‘This is the value of w in one of M. Jacobi’ 
transformations, which therefore must be faulty. 


Suppose in general with M. Jacobi, that w = mi + 


where m and m’ are any integers affirmative or negative, ' 
haying no common divisor w hich also measures n._ If m¥ 


— 
3 
v4 
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even, sin am.mK =0, cos am.mH= + 1; and by the first of 
| (A), sin am . nw = sin am (mK + im K')= + sin am (um I’) = 
+ sin am (im'K',k)= +7 tan am(m K’,k’) by (G)= 0 or a, 
according as m’ is even or odd. ‘This must render faulty all 
the quantities into the values of which sin am. nw enters ; for 
the other factors are neither nothing nor infinite. M. Jacobi 
therefore has erred in supposing that m may be even. 


VI.—ON. THE SOLUTION OF FUNCTIONAL DIFFERENTIAL 
EQUATIONS. 
By R. L. Exris, B.A. Fellow of Trinity College. 


Ir is well known that the solution of a considerable class of 
differential equations may be effected by means of differentia- 


| tion. Clairaut’s equation is a particular case of this class. a 
| We will begin by considering it. ae } 
a dy 
6 66.4 ] 

where f denotes any given function. 


_ Differentiating (1), we get 


(e+ fp) g=0.:..+ (2), 

hence or z+ fp=0....(8). 

The first of these equations gives the complete integral. 
Being twice integrated it becomes y = az + 6; and on substi- 
tution in (1), we get 6 = fa, therefore y = axr+fa...... (4) is 
the complete integral of (1). 

It has always been supposed, in this and similar cases, that 
Ff must necessarily be a given function. But this condition is 
not essential: a differential equation, e.g. such as (1), will, 
when solved, give y as a function of z. Now the function f, 
which enters into (1) may, instead of being given, as is 
usually the case, be in some way dependent on the function 
which y is of z Thus the form of f is unknown, until 
that of the latter function has been determined. It is 
evident that according to the classification proposed in the 
last number of the J ournal,(1)is in all such cases a func- 
Mional equation. For the unknown operation f is performed 
on p, which is itself the result of the unknown operation ~ 
performed on z. (we suppose y = 2). | 

To differential functional equations, ordinary methods of 
solution do not, generally speaking, apply, because they re- 
quire a knowledge of the forms of the functions on which they 
operate. But in the case before us, the differentiation and 
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subsequent substitution, by which (4) was derived from (1) 
are independent of any knowledge of the nature of f. Cone 


quently (4) is always true. | " 
Let us suppose, for instance, that f=— mi, m being fie T 
constant ; then g 
- ax + tl 

We are of course obliged to fatroduce a functional notation: 
(4) in this case becomes Bs 
WE = — MYA. (6). 4 
In order to determine Ya, put z=a; 
| 

then ya= 

and = ar - 


which is a solution of (5). 
In the ordinary cases of Clairaut’s equation, the factor 


x+f'n=0 leads to the singular solution; and so it does + 
when f is an unknown function. a 
Thus, in the example just considered, as =- mp, 
shall have 
Of this a solution is 4 
= v(m) 
Hence we get, by ane. 4 2 
| 
On substitution it is found that C= 0, therefore 
x 


is anew solution of (5), and perfectly distinct from (7). 4 
If m = 1, (5) and (7) become respectively | 


in this case, (8) admits of : a variety of simple solutions. Thus 


we shall have 


px log z, 
&e, = &e. 


as singular solutions of (5’). 
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The preceding remarks are sufficient to indicate the exist- 
ence of a class of functional equations, to which a considerable 
portion of the theory of singular solutions may be applied. 
They appear therefore to possess some interest with reference 
© to this theory, independently of the method they suggest for 


ithe solution of such equations. | 
In fact the theory can hardly be considered complete, unless 
F some notice is taken of the equations of which we have been 
ispeaking. They have been excluded from it, because the 
= function f, which they involve, is not, as in the ordinary case, 

fa known function. But this, it has been already remarked, 
is not an essential distinction. 

On the other hand, the method by which the singular 
© solution is in the common theory deduced from the complete 
fintegral, does not apply to the cases now considered. It 
§ appears unnecessary to point out the reason of this difference. 
to a. With regard to the class of differential equations, which, 
_ like Clairaut’s, separate into factors on differentiation, we 

® may refer to Lagrange’s Lecons sur le Calcul des Fonctions, 
| 1.16". He there shows that if a differential equation of the 
irst order can be put into the form M-= fN, where Mand 
© are the values of a and } deduced from | ees 


F (xyab) = 0, 


| 


Ou: 


we 


d 

4 then, when differentiated, it will resolve itself into two factors, 
} one of which leads to the singular solution, and the other to 
® the complete integral. (The latter is, as may readily be seen, 


. 6) = 0.) 
The demonstration of this proposition is probably familiar 
p) ‘o the majority of my readers, and I shall therefore not dwell 


it. Similar considerations apply to equations of higher 


| Generalizing the remarks already made, we see that in the 
equation | | 


the function Jf need not be a given one; it may be, in any 

: Med we please, dependent on the function which, in virtue of 
's equation, y is of x. In all such cases the equation in 

ig is functional. Nevertheless, Lagrange’s reasoning 

| “Pphes as much in these as in other cases. Let us take one 

% two examples of what has been said. oennRe 


The following problem may be proposed. 


‘ 
4 
. 
| 
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Any point P of a certain curve is referred to the axis of im 


in M, and to that of y in NV. MP is produced to Q; Py 
is taken equal to a, and NQ touches the curve. Find 
equation. 
Let z, Yz be the co-ordinates of the point where N a 
touches the curve. 
| a 
NP= 
and as P is a point in the curve, pe 
ON = ~ {NP}, 
This i is the equation of the problem. Differ — it, we ge 
= 0, 
a a 
The former equation gives the complete integral, but, fori 
reason I shall hereafter notice, leads to no tangible ‘solution d | 
the problem; the latter corresponds to the singular solution 
In order to solve it, assume 


Let z = yx = w.,,, and therefore = u 


2+2" 


Then = = , Where arbitrary ; 


therefore yz = Cz. 


ins function of z, which does not change when z +159 


substituted for z. 


__ We confine ourselves to the only simple case, that in which 
it is an absolute constant; then 


= (bC =a) 
and log = . ++. being an arbitrary constant. 
On substitution, we find J = de; therefore 
y = ae log 


is a solution of the problem. 
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This is the equation of a logarithmic curve, which has 
therefore the required property. ‘The method employed to 


§ resolve the equation in yz, namely 


= (xr), 


Sis applicable to every equation of the form 


Every such equation may be at once reduced to the follow- 


© ing equation in finite differences, 


This reduction is in reality a particular case of an important 


transformation due to Mr. Babbage, which often enables us to 
' solve functional equations of the higher orders. 


In (12) we may write for yz, of 


Hence yr = of’o'x &c. = &c., and (12) becomes 


| by putting ox for x; f being a known function, (14) is a 


functional equation of the first order. 
Such is Mr. Babbage’s method. Let fz =1+z;(14) becomes 


= 9, 


| and if we denote gz by u,, and replace « by z, we shall 
obtain (13). | 


It must be admitted, that it is difficult to prove that the 


© generality of 12) is not restricted by these transformations. 


m they are however often useful, and serve to illustrate what 


ich 


} have led to the result 


was remarked in the last number, with respect to the affinity 
| of functional equations, and equations in finite differences. 


If, instead of (10), we had taken the more general equation © 


a 
ee wey | (15), 
where A is an arbitrary constant, precisely the same method 
would have applied. In this case the factor ~’z = 0 would 


= ax + 


and by substitution (3 (3 A. 


therefore a+ A=0, or 


N ow in the case we have been considering, the former con- 
dition 18 not fulfilled; hence we must have ($=, and the 
seometrical interpretation of the complete integral is a right 
Ine at an infinite distance from the axis of abscisse. 

Ve not unfrequently meet with similar cases, in which the 
complete integral becomes nugatory or impossible in the pro- 
cess of introducing the necessary relation between its constants. 
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Under particular conditions, however, this difficulty does yg 
occur, and then we obtain, what in the ordinary methods of 
discussing functional differential equations, appears to be, 


conjugate solution, unconnected with any other; (15) woul 


be an instance of this, were a+ A = 0. 


I shall next consider a celebrated problem, first proposed fie 


by Euler, in the Petersburgh memoirs. 
In a certain class of curves, the square of any normal 


exceeds the square of the. ordinate drawn from its foot by 
a certain quantity a. 


Let y’ = Wz be the equation of the curve. The subnormd 
is therefore 4W’z, and the equation of othe problem cons. 


_ quently is | 
Way-a.... (16). 
Ditterentiating this, we get 
or = 0. 


The first of these two God leads to the singular solu FF 


tions. In order to solve it, let 
= 
then yz - 
- Hence by the transformation already noticed, . 
,+u,=9, 


whence Pz + 2P 2, 


where Pz and P.z aye functions of z, which remain nnchanget 


when 2 increases by unity ; 
therefore = Pz+(z+ 1) 
Hence we have | : 


pat for requir ed solution. 
dz =(P2+Pz+ 2P,2z) dz; 
therefore y dy = P.2z(Pz+ Pz+zP/z) dz; 
and integrating by parts, we get 
+ 2P 2) + (17) 


for a general schutiag of the proposed problem. (The pare 


ter @ is involved in Pz) 

Let us suppose Pz Saat P.z constant ; 
y°=a(2b+az)+az+ C, 
az; 

therefore = 2ar + 
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On substitution we find 
4. 
~Thus,in order to a real result, we must suppose @ negative, 
thea 
y= C...... (18), 
the equation to a parabola, which accordingly is a solution of 
F the problem, and the only simple one it admits of. 
When a = 0, it becomes two straight lines parallel to the axis. 
The other factor 1 + 4’, z = 0 gives, on integration, 
e+ 7 (19); 
the equation to a circle ; but on substitution we find 
which leads to no result, unless a = 0. 

A solution of this problem, by Poisson, is given at p. 591 
of the last volume of Lacroix’s great work. It is apparently 
equivalent in point of generality to (17); and the author 
points out its incompleteness in the case of a= 0. The pre-— 
ceding views show distinctly the nature and origin of the new 
solution which then presents itself. Mr. Babbage also has 
considered this problem at the end of his second essay on the 
Calculus of Functions (vide Phil. Trans. 1816, p. 253). But 
I believe it will be found that his solution is erroneous. 

Notwithstanding the length this paper has already reached, 
I must endeavour to point out, as briefly as possible, my reasons 

for thinking so. | | 
Mr. Babbage, confines himself to the case of a= 0. He 
begins by demonstrating the existence of a relation, equiva- 
lent, excepting a difference of notation, to =wWa2, 
but in doing this, loses sight of the other factor 1+4yz = 0. 
_ This relation shows that yz is constant, for a series of points 
In the curve, and therefore, Mr. Babbage reasons, we may 
consider it as a constant.in (16), which thus becomes an 
equation in finite differences. He integrates it on this sup- 
position, and adds an arbitrary function of yz, which has been 
treated as an absolute constant. ‘The result is therefore — 


Ye=saleifs 


| or = LY “Sy (20), 
which is an ordinary differential equation. 
This process appears to have been suggested by an incorrect 


analogy with the way in which arbitrary functions are intro- 
duced into partial differential equations. 
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A little consideration would have convinced Mr. Babbage 
that by integrating (16) as an equation in finite differences, he 
only passed discontinuously from one ordinate of the curve ty) § 


another, and therefore could not obtain a continuous relation 


between z and y. ‘The legitimate result of his process ; § 
merely, 


| 
where ” is any positive or negative integer. This is quite 


different from 
In exemplifying equation (20), Mr. Babbage first suppose 
dy\ dy 
4 


and thus obtains the equation of a straight line parallel to Or, 
as a solution of the problem, which undoubtedly it Is. 


In his next example (y =a’. By making the con- 
dx 

stant of integr ation imaginary, he gets y =a —x*, the equation 

to acircle. But although this 1s “also. a real solution, it has 

no connection with the relation Vr} = from which 


it appears to be derived. It is, as we ‘have seen, a particular Be 


case of the complete integral. Consequently if the methol 
pursued had been correct, it could not have given this 


solution. 


The preceding pages appear to contain the germ of a general 
theory of differential functional equations; a “subject of great 
extent, and ultimately, perhaps, of considerable importance 
But it cannot be denied, that hitherto the Calculus of Fune- 
tions has not led to many results of much interest. Its value 
arises chiefly from the wide views it gives of the science ol 
the combination of symbols. | 


— 


VII.—ON CERTAIN DEFINITE INTEGRALS. 


By Artuur Cay ey, B.A. Trinity College. 
In the first place, we shall consider the integral 


v= times) dx dy eee 
\(a - +(b- yy... 
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the integration extending to all real values of the variables, — 
subject to the condition 


2 

and the constants a, 6, &e. satisfying the condition 
—+—... 
We have 

dV (a-x)dxr dy... 


E being determined by the equation 


bya en Pee in a paper, “On the Properties of a Certain 


Symbolical Expression,” in the preceding number of this 
Journal. (é having been substituted for 7’.) 


Let the variable z, on the second side of the equation, be 
by ¢, where 


E+ h’ 
| 
we have, without difficulty, 
dV 


and similarly, 


dv hl | 
=@ = 8): (E+h* + o) Jo’ 


From these values it is easy to verify the equation 


&c 


For this evidently verifies the above values of — 


if only the term. sa dé vanishes. 
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Or, observing that 


and taking the from 0 to x, 

in virtue of the equation which determines &. 


No constant has been added to the value of JV, since 
the two sides of the equation vanish as they should do, for 
Gi O..: infinite, for which values ¢ is also infinite and the 


CO 


quantity 
a 
( + V(®) 
which i is always less than © Ya3 , vanishes. Hence, restoring 
the values of V and ®, 


{(a— +(b-y)’...}? 


& 


.... the limits of the first side of the equation, and the 


‘ condition to be satisfied by a, 3, Ke., ., also the equation for 
a the determination of £, as shove. 
‘The integral | 
| dx dy .. 
4 between the same limits, and with the same condition to be 
? satisfied by the constants, has been obtained in the paper 
already quoted. Writing £ instead of 7° , and 2” = “fra we 
+ 
have 
do 
J. ViE+ (E+h? +9) (Eth? + 
2 d* 


Let V = a bop ts Then by the assistance of a formula, 
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V (a +0 
© given in the same paper, in which it is obvious that a, Ack 
may be changed intoa-z,b-y, &c....: also putting 7=3N, 
we have 
(n times) . — 
{(a - + 
Now in general 
| dt di\’ 
KE. 2 (ay. suppose. 
But 
(E+ 
| da 
(E+ 


Also. | | 

a dé f @ f a \ 
Whence taking the sum 3; and observing that 


2 


> a 
4 da ‘ (E + da 
da’ } 
(E+h*) 


3 
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| ud 
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_ (observing that differentiation with respect to 7 is «thi same 


differentiation with respect: to becomes integrable, aud 
taking the integral betw ‘een the proper limits, its value is JR o 
2 

t 

| 
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1 
4y . 


+ 


Or vxé = 


Hence the function 


do . 


Xo —-+ > “72 
Xoé g E+h 


~ Whence 


And hence restoring the a of V, and of the first sided 
the equation, 


from which equation the differential coefficients of é, which J 
enter into the preceding result, are to be determined. 
In general if u be any function of ay Oe 


with the condition ods 


* 
| 
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du 1 | 
— +2 — + 422 

da db a 
(E+ 


S from which the values of the second side for g=1,9 = 2, &e. 
me may be successively calculated. 


The perf f th ti =) 
e periormance of the operation \ de)’ P 


the integral V’', leads in like manner to a very great number 
| of integrals, all of them expressible algebraically, for a single 
differentiation, renders the integration with respect to 9 


| possible. But this is a subject which need not be further 
considered at present. — 


We shall consider, lastly, the definite integral 
(a-2)\f +) dedy 
| limits, &c. as before. This is readily deduced from the less 


general one 
| {(a= +(b- yy 


For representing this quantity by F .(h, h,...), it may be 
seen that | 


U=| F .(mh, mh,...) dm. 


Now in the value of F.(h, h, ...), changing h, h, +. into 


mh, ... also writing m’ instead of and for &, we 
ave | 


Where ® + hh’ + (E + h? +) «. 


2 
+h? 


d 


nce (mh, mh...) Tm di? 


| 
| 
e 
4 
7. (mh, mh, ..) 


‘hem £4 Fears 


integrations between the proper limits, 


mb...) 


Substituting this value, also f 73 + fr fo 


_ Tue following geometrical theorems may perhaps be inter 
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id is equivalent to = , and effecting th 


or, observing that 


Gn) 


dm 


in the value of U, and observing that m= 0 gives 
m=1, & =&, where é is a quantity determined as before by th 
equation 
| E+ E+h 
we have | 


a 

or writing +£ for di’ = dq, the limits of ¢ are 0, 2; 0, 
inverting the limits and omitting the negative sign, __ 


a }? 
T (in) 0 (E+h’ +o) +h? + + 


which, in the particular case of n = 3, may easily be made ti 4 
coincide with known results. The analogous integral a 


dy... 


is apparently not reducible to a single integral. 


VIII.—DEMONSTRATIONS OF SOME GEOMETRICAL THEOREMS. | 


esting to some of the readers of the Mathematical Journ! 
‘They are founded on the decomposition into quadratic factor 
of the trinomial -2a"z" cos 0+a™", and are therefor 
intimately related to the well-known theorem of Cotes. We 
assume then the theorem &§ 


cos 2azx cos : +a’) (x°—2az cos 0+ +0)» 
n / 


th 
4 
’ 
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whence also, by making z = a, and writing n@ for 5? we have 


the known theorem 


a sin ng = sin sin (9 + 4 sin € 


= Tfaregular polygon of 2n sides circumscribe a circle, and 
if be the perpendiculars drawn on its sides 


from any point in the circumference of the circle, then 


| where 7 is the radius of the circle. ES 


Let the arc between the assumed point and the adjacent 


| point of contact subtend an angle ¢ at the centre; then 


and therefore 


p, = 7(1- cos $) = sin = 


"= 


= sin’ € + &c. &c. 
2 2n | 


2 n 


m and by the theorem (B), writing 3p for @ we have 


RO 


In the same way we find 


Also, by multiplying the preceding expressions together, 
2n 


7 ‘ 


a If the given point be within the circumference of the circle, 


and if ¢ be its distance from the centre, and ® the angle which 


makes with the radius drawn to the adjacent point of con- 


tact, we have | 
P, =" -ccos 2 2zy cos go + y’, 
y’=r, and 2zy =c. 


i 
> 
. 
| 
| 
| 
‘ 
; 
| 
2 
5 
4 


hence by subtraction, 


by 
ef 
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There are corresponding expressions for the otthas perp 
diculars, and therefore as 


— 2x"y” cos np + y™ by (A). 
Similarly 
Py COs (np + y= + 22" y” COs 


If from the given point within the shocieahinali we drat 
perpendiculars q, g,..-g,, on the radii drawn to the points ¢ 
contact, we have 


= ¢sin = csin 
= 9, =esm p 
and therefore, considering magnitude only, 


9° Q2n-2 

_ Mr. Leslie Ellis has shown (Journal, Vol. 11. p. 272,) that, a 
() be.a rational and integral function of sin @ and cos 

which the highest power of these quantities 1s 7, 

when 2 > 7. By similar reasoning we may show that, wha Md 


de f (2) cos ne. 


dx f(x) sin nz .si | 


Now if be the perpendiculars drawn from 
point in the circumference of a circle, on a regular circu § 
scribing polygon of x sides, we have 


Pp,” =7" (1 - cos — COs (9 + &e. 


= (2n- 1)(2n 38)...3 a 


dx f(x) cosnz = —r" dz (1 - cos cos nx = 
Jv 


sail 
4 
yt 
47"y" COS Nd = — COS 
b 
Bes 
ty! 
é 
ES 
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| | 

and | dz (1 cos nzy' sin nz = 
TJ 0 


These results are easily arrived at, by observing that 
(1—cos zy' = {(cos x)" - n(cos z)"" + &e.}, 


fcos nr 


&c.| 


{(2n 1)(2n - 3). n 
a ") = + (-)" — cos 
but in the same manner as in (1), we find 


P, PoP, SM n= = (1 cos no 


Therefore 
| 1)(2n 3).:.3.1 


In the same way, if C., C,» &c. be the chords drawn from 
the given point to the angle of a regular inscribed polygon, 
we have | | 
= 2r°(1 cos 9), &e. 

therefore | 

3. 
(m-1)(m-2).... 2.1 

§g Theorems of this kind are not confined to the circle: thus, 
| im the parabola, if » tangents be drawn such that the arcs 
> between the points of contact subtend equal angles at the 
© focus, and if p,p,....p,, be the perpendiculars on them 
ee from the focus, we shall have 


+(-/' (6). 


n 


g being one-fourth of the parameter, and @ being the angle 
1 which the axis of the parabola makes with the radius vector 
-§ drawn to the adjacent point of contact. For the equation 
) to the parabola being 


1 1-cos 6 


r 


a 
| 
| 
| 
| 
| 
ty? 
4 
| 
| 
| 
t é 
a 
wT 
| 
f 
‘ 
} 
2 
i 
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and similarly for the others. Hence 


= — Sin ~ sInj—+ -;....SIN\— 
+++ Py 2 \2 nj \2 
Slim —; 


and therefore p..p,.... p, = cosec 


The theorems (1) and (5) were discovered by  Professo 
Wallace, of Edinburgh, about the year 1791, but they hay 
not, we believe, been as yet published. | | 


1): 


IX.—ON THE MOTION OF A SOLID BODY ABOUT ITS CENTRE |” 


OF GRAVITY. 


_I HAVE attempted in this paper the solution of the problem 
of the motion of a rigid body about its centre of gravity 
fixed and acted on by no forces, by at once making use of tle 
general dynamical principles, viz. those of the Conservatio 
of Vis Viva, and of the Conservation of Areas, which fur 
nish two of the integrals of the equation of motion. An 


though the final result thus obtained is not new, yet it Fy 


interesting to see the previous solution thus verified. I shal 


adopt the usual notation. ‘The origin of the co-ordinates 
the centre of gravity J ' the co-ordinates of an elemetl 


“1 
dm of the body referred to fixed axes in space, and to tle 
principal axes in the body respectively; ABC the momells 
of inertia about the principal axes w, w, w, the angular velo 


abe 
cities a’ b' c' > the cosines of the inclinations of 2, y, 2, )/ 
a b’ 


The vis viva of the body (since the motion is wholly of rote 3 


tion about the centre of gravity) is 
Som jw? (V+ 0" (Vi y)}, 


w w w having references to the fixed axes; and 


being the squares of the distances of the elements 
from the axes of 


a? 4 


r 
‘ 
hd 
if 
y 
Vv 
‘ 
Be. 
‘ 
| 
Nese 
2 
he 
we 
yas 
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The whole vis viva is therefore 

w? Dom + + Dom (2 + 2”) + + y’).. 
Now the whole vis viva being constant, it can make no diffe- 
© rence about what axes we estimate it. Hence we have 
Aw, +: Bu, + Cw, =h.... (1). 

Again, since there are no forces acting, the sum of the mass 
of each element into the projection of the area described in an 
unit of time on any one of the co-ordinate planes, is constant 
with reference to the time. Or, considering the plane yz, 


dt. 


Now the projections on the planes 2,y,, ¥,%, %,2,, are 


dz,\ \ 


Hence, by the usual method in Geometry, the projection on 
the plane yz will be the sum of. these- projections, each 
multiplied into the cosines of the angles between the planes ; 
or we have 
smuarly Aa'w, + Bb'w, + Ce'w, = k,¢ (a). 
Aaw, + Bho, + Cow, = ky. 
Adding their squares, we have 
Au? + Bu? + Cw? .... (2). 
Again, from the first of equations (a), 


4 


Now it may easily be proved (Poisson, Art. 4l1 ,) that 
dc 


4 


» 
| 
| 
| 
4 
| 
| 
| 
| 
| 
| 
| 
J ) oY Bo 
} / wal 
( 
x 
| 
a0 
‘2 
dt 
i 
A 
i da / 
oO 
dt J 
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_ Substituting these in the above equation, it becomes 


re 
hi 


| 
We shall obtain similar equations with a’b’c' and we in 
place of abe. Multiplying these by aaa, and taking notice 
of the equations of condition, 


ab+ab+ab=0, 


> 


wehave B)ww,=0....(3). 


The equations (1), (2), (3), completely determine the mo. Fy 
tion, and eliminating w,,, we have for finding w, in terms od F 
the equation 


[a + A VBC) do, 

V{A(A-C)w?-(K - Ch) Vi? - Bh- A(A- J 

which may be reduced to an elliptic function ; so that 

| 
\(4-C)(#+~ sin’ 94) 


2: 


where = — 
- Bh) A-C 

1 
A(A-C) 1-c'sin’¢ 
Similarly w,, ,, may be found in terms of ¢, and thence the Fy 
position of the body at any time. o. 
X.—MATHEMATICAL NOTES. 
1. Demonstration of the principle of virtual velocities 


X, Y, Z, be the resolved parts of the moving forces which 
act on a particle m, the necessary and sufficient conditions 
of equilibrium are 


If a system of particles act on each other, the resolved 
parts of the force arising from the other particles which act 
on each particle of the system, may be represented by the 
differential coefficients, taken with regard to the co-ordinates 
of the particle acted on, of a certain function; R of the ie 
mutual distances of the particles; and if X, Y, Z, represent the 


= 
= = 
aa 
a 
0 
| 
+ 
i 
Bi 
H 
en 
Fe 
- 
4 


ang, 


ad 
Si 
BAA 
< 
ay 
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‘resolved parts of all other forces acting on the particle, we 


have for each particle a set of equations of the form 
dk dk 
—=0, Yi—=0; 2+ — = 0. 
dy 


If we multiply each of such equations by infinitesimal — 


arbitrary quantities éz, éy, éz, and add them together, we 
obtain 
(Xexr + Voy + Zdz)+ = 0. 

If dz, dy, ez are proportional to any small possible dis- 
placements of the particle consistent with the preservation 
of the form of the svstem, €#2=0; and we obtain finally 

=(Xer+Yoy+ Zez)=90 


as the equation which must be satisfied in all cases of equi- 


hbrium.. This equation is the analytical expression of the 


principle of virtual velocities. 


In order to deduce from this expression the six equations 


for the motion of a solid body, let r+ eéz, y + éy, 2+ be 
the co-ordinates after displacement of a particle whose original 


co-ordinates are z, y, 23 or, which is the same thing, be the 
co-ordinates of the particle referred to a system of axes which 
are slightly removed from the first, we have 
by + cz, 
=ytarr+bytcz, 
where a, (3, y represent the co-ordinates of the displacement of 
the origin, a, b, c the cosines of the angles which the new axis 
of z makes with the original co-ordinate axes, and similarly 
fora’, a’, b that we have the well known relations 
aa + bb + cc =0 | 
aa + bb +cc =0 
aa+0b0b'+ce = 0. 

If the motions are infinitesimal, a, 8’, c’, differ from unity 
by mfinitesimals of the second order, and the other quantities 
are infinitesimals of the first order; the equations are there- 
fore reduced to 

| 

or =a+ by + cz, a+b=0, 
oy = 3 + ax + Cz, 0, 
b+c=0. 


| 
| 
| 
| 
| 
| 
“4 
> 
| 
| 
- 
mi 
2 
4 
LS) 
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Eliminating a’, b’, c’, we get 
=a+ by -az, 
dy = B + c'z - ba, 
=ytaxr-ay; 
substituting these values in the equation — 
= (Xex + + = 0, we obtain 
+ y2Z+ (Xy - Yr) + Vz - Zy) 
and afsy, adc’, being arbitrary, we obtain the common eaqur. &§ 


tions of equilibrium. 


2. Problem from the Papers of 1842.—If F(z, 4, 
= (u,v, w), where F is homogeneous of the degree 


dx dy dz 
Hence ndF = adu + ydv + zdw + udx + vdy + wdz, 
(n-1)dF = + ydv + zdw. 
But dF=(n-1) dp=(n-1) du + 
Therefore equating the coefficients of the differentials, 


d d 
e=(n-1)F, 


3. The following mathematical expression for the discontt- 
nuous law of the sliding scale in the new Corn Bill, may 
interesting to some of our readers. | 

Let p be the price of the quarter of corn in shillings, d the 
duty; then the formula expressing d in terms of p is 

= 1 0”? 1 4 or. P 1 4 1 4 

In like manner the expression for the proposed Income 
Tax on a property 2, is 


240 1 4 | 


do do 
y=(n-1)—, z=(r2-1)— 
| du’ dv ° dio 
Since F'is homogeneous of dimensions in 2, y, we have 
Ge 
| 


